Abstract. Speed of sap flow in plants and trees is of interest to botanists and environmentalists because of its connection with the rate of utilisation of nutrients in the soil. An established method uses the transport of heat where an impulsive heat source is introduced along a radial line by a probe in the trunk sapwood. The temperature is monitored, upstream and downstream, and, by solving the heat flow equation in the moving fluid, the sap velocity may be deduced indirectly under some simplifying assumptions which chiefly render the method most useful when applied to trees of relatively large diameter. Transform methods are used to obtain the appropriate threedimensional time-dependent solution in explicit form and values for the resulting sap velocity are compared with the existing two-dimensional theory.
Introduction
Botanists and others concerned with forest management are interested in knowing the speed at which sap rises in trees, since it is directly related to the rate at which nutrients in the soil can be utilised. Its variation can give valuable information about the health of tree species. Various methods of finding the sap speed are needed in practice including introduction of dyes, for example, but a common easily-applicable one in the field employs a probe which can introduce an impulsive heat source at time t = 0 into the sapwood of the trunk and then monitor the temperature 1 cm or so above and below its location. Information about the speed of flow, u, of sap in the tree trunk (see Edwards, et. al. (1996) for a proposed standard nomenclature) can then be deduced. The method is therefore indirect and a satisfactory prediction of the speed relies on an accurate mathematical model for determining the temperature field and its dependence on u. Various assumptions have been made in the modelling process in order to simplify the mathematical solution of the problem and thereby render the determination of u as straightforward as possible.
If no account is taken of the curvature of the tree trunk, fully two-dimensional treatments are possible of which the simplest is that of Marshall (1958) . In that work a solution for the temperature is used in which it is assumed that the heat source is an instantaneous line source along the whole z-axis directed normally to the trunk surface, which is itself assumed to be the xy plane in this approximation. Heat is thus convected by the sap and is conducted in the x direction, parallel to the trunk, and in the y direction. Clearly, in the Marshall model, there is no flow of heat in the z direction.
In order to take some account of variations, including heat flow, in the z direction, we here assume the thickness L of the xylem is finite with an instantaneous line source placed along the z-axis in 0 < z <_ L. A Newton's Law of Cooling condition is then taken to hold at the xylem-hardwood boundary. However,the assumption of a rectangular geometry is retained so the model would apply best to trees with trunks of relatively large radius. Here, as mentioned earlier, we take account of the finite width of the sap region but, for simplicity, we retain a two-dimensional geometry, the boundaries of the xylem being represented by the planes z 0 and z = L. However, we consider the heat flow produced when an instantaneous point source of strength Q dzo/L, where dzo is an element of length, is placed at z z0, say, along the line x = y 0 (see Figure 2 ).
The solution for the temperature, therefore, is three-dimensional in nature and is obtained by solving.the mathematical problem for the temperature rise W(x, y, z, t):
in -oz < x, y < +, 0 < z < L, t > 0, subject to the conditions W --+ 0 as x, y --+ -cx, + cx,
W-0 att-0. (12) and the same boundary conditions (9), (10) and (11). On now taking the double Fourier Transform of (12) in the x and y variables we obtain, after some rearrangement,
where W L (x, y, z, s) exp(-iwx iry) dxdy
The boundary conditions on P-W LF':Fv are (10) and (11).
As in Section 2 the discontinuity in the derivative of P at z z0 can be obtained from Equation (13) by integration to yield, Q dzo
Then continuous solutions of (13) satisfying (10), (11) Figure 3 . We see that solutions occur at b-bn, (n 1,2, 3,...), the intersections of y-tan(bL) and y-K/b, where Hence the singularities in the integrand of (16) occur at an infinite set of negative real values Vn -b2 and are, in fact, simple poles (justified a posteriori). The residue of the singularity at the nth such pole is
The limit in (21), by L'H6pital's rule, is found to be
the finiteness of which justifies the simple pole assumption.
Hence, combining (16) In order to see the effect of the finite width of xylem, assumed in the present study, we present Figure 6 , which shows the temperature rise distribution across the xylem for u = 30 cm/hr at different times along the line x = 1.5 cm, y 0. As expected on physical grounds, the solution yields a temperature rise which is uniform across most of the z-range, but which shows a fall-off to accommodate the new boundary condition at z = 10 cm. Thus, some of the heat generated by the line source will be transported into the hard wood and the question is how significant this is. cm/hr at different times.
Determination of u from the solution
We assume that temperature measurements can be taken at y = 0, z = L/2 and z = -+-h at various times and that the thickness L of the zylem is known. Thus, if the instantaneous heat source Q is applied at t = 0, we measure the temperature rises W1 and W_I at x h and x -h, respectively, at t = /,From (24), we obtain, on reintroducing the dimensionless variables defined in
where/z-h/L, since all other terms in (25) are independent of x. Hence, 3 .T hen, again using Equation 
The equations (28), (29) is almost independent of e and 5 and the general conclusion seems to be that the Marshall theory gives an accurate prediction of W except possibly near the xylem-hardwood boundary. Situations where the fall-off calculated for W near this boundary might play a more important role could arise in investigations into effects of possible non-uniformities in sap velocity. There is evidence of a reduction in sap velocity near the internal xylem-boundary but to study this would require a more detailed investigation of the heat flow in the vicinity of this boundary.
